On the basis of a manifestly covariant formalism of non-relativistic quantum mechanics in general coordinate systems, proposed by us recently, we derive general expressions for inertial forces. The results enable us further to discuss, and to explain the validity of, the equivalence principle in non-relativistic quantum mechanics.
Introduction
In the usual formulation of non-relativistic quantum mechanics (NRQM) basic quantities such as fields or probability amplitudes are taken to be projective representations of the 4-dimensional Galilei group G 4 , and the manifest covariance of the formalism is thereby impaired. As shown previously [1] , this shortcoming can be removed, however, by employing, instead of G 5 , a 5-dimensional form G 5 for Galilei transformations [2] . Here, basic quantities can be given as vector representations of the group G 5 , so that the manifest covariance is achieved, just as Lorentz covariance is in relativistic quantum mechanics (RQM).
In a recent paper [3] the result of [1] has been extended by considering more general transformations than G 5 , i.e., those which combine inertial with non-inertial coordinate systems. In this way we have obtained generally covariant equations for basic quantities that should hold in arbitrary coordinate systems, inertial or non-inertial.
Naturally, the equations thus obtained contain the terms corresponding to inertial forces. And it is the purpose of this paper to discuss such terms, placing emphasis upon the problem of Einstein's equivalence principle. Our conclusion then is that NRQM is compatible with this principle.
In what follows we shall exclusively be concerned with field equations for a nonrelativistic field ψ( x, t). However, when ψ satisfies a basic equation of the Schrödinger type such as (9) below, the probability amplitude ϕ( x, t) for a single particle, arising from the quantized ψ, does also satisfy one and the same equation. Thus, all arguments about covariance of ψ apply as well to ϕ.
2. 5-dimensional Transformations: G 5 and G
′ 5
We begin by noticing that the Lagrangian L = (1/2)m˙ x 2 of a free particle of mass m is not invariant under G 4 : x → x ′ = R x − vt, t ′ = t with R being a 3 × 3 orthogonal matrix. However,L ≡ L − mṡ remains invariant, provided the new variable s transforms under
where (
. Thus, if the original coordinate system S 0 with coordinates x µ is an inertial system, so is the transformed system S with coordinates x ′µ . Our basic assumption then is that NRQM in inertial systems be invariant under G 5 .
We next generalize G 4 to G ′ 4 such as x ′ = R(t) x + A(t), t ′ = t, where R and a vector A are taken to be t-dependent. The corresponding transformation rule of s can again be determined by equating the total-time-derivative term in ( L(
. Thus, instead of (1) we now consider G ′ 5 such that
is not unique , and the above is the simplest choice: the arbitrariness arising from this will not affect the final results, however. The coordinate system S obtained from S 0 by (2) is non-inertial in general. Thus non-inertial systems will be restricted hereafter to those specified by R(t) and A(t).
In the coordinate system S the metric tensor g ′µν is given by
and the affine connection Γ
others = 0.
Generally Covariant Field Equations
For illustration we consider in the following a scalar field φ(x) and a spinor field χ(x): the generalization to the case of Bargmann-Wigner fields of higher spins is straightforward. As shown in [3] , a Klein-Gordon type equation η µν ∂ µ ∂ ν φ(x) = 0 for φ(x) in S 0 takes, in S, the following form:
Further, this should be supplemented by a subsidiary condition of invariant form:
with which to eliminate the extra degree of freedom.
On the other hand, a spinor field χ(x) is to behave as a scalar under (2), i.e., χ ′ (x ′ ) = χ(x), and a Dirac-type equation
The subsidiary condition for χ ′ (x ′ ) can be of the same form as (5 ′ ). In the above the γ ′ -matrices and the spin connection Γ ′ µ (x ′ ) are given, in terms of the fünfbein h µ a (x ′ ) and of 4 × 4 γ-matrices satisfying γ a γ b + γ b γ a = 2η ab , as follows:
with D ′ λ denoting covariant derivatives. Here, we have also
. It is to be noted that (6) is invariant, by construction, not only under (2), but also under local Galilei or local
, where T (x ′ ) corresponds to x ′µ -dependent Λ a b with µ = 5. Incidentally, the latter is a kind of non-Abelian gauge transformations, and Γ ′ µ a gauge-dependent quantity.
Inertial Forces

Derivation
First, for the case of φ ′ (x ′ ) we may put
in accordance with (5 ′ ). Substituting this into (5) and using (3), we then find for ψ
with
Here we confirm that for¨ A = 0 andṘ = 0 the equation (9) reduces to the free-field equation, and H ′ inert thus provides a general expression for inertial forces. Next, for the case of χ ′ (x ′ ) we may write, in terms of 2-component spinors ψ
and substitute this into (6). By choosing a suitable representation for γ-matrices, we then find that only ψ ′ 1 is independent. Now, in proceeding further we have to determine h µ a (or the gauge). For g ′µν (x ′ ) given by (3) let us consider the following two cases. a) We take h µ a (x ′ ) = ∂x ′µ /∂x a , which are obtained from (2) as
From (4) and (11) it follows, however, that
. Equation (6) together with (7), (11) and (10) then leads us to
with H ′ inert being the same as (9 ′ ). b) Taking a t ′ -dependent 3 × 3 orthogonal matrixR(t ′ ) we now adopt fünfbein h ′µ a such as 
which is to be regarded as a kind of inertial force. As remarked earlier, the situation is basically the same for general Bargmann-Wigner fields. Thus, summarizing the above results we can say that when a special h µ a (or the gauge) is chosen, the inertial forces are all described by H ′ inert , irrespective of spins. k, ℓ, m = 1, 2, 3) , we can writeṘR
Examples
For
Thus, if we choose Ω = Ω ′ , then the 2nd term in
, a result being true only in a special gauge, however.
It is to be remarked here that the above results agree with the Newton approximations to the corresponding cases of general relativity.
Equivalence Principle
Let us start by considering an inertial system S 0 , where all quantities concerned are denoted by unprimed symbols. The field φ(x) or χ(x) then satisfies the free-field equation (5) or (6) with Γ µ = 0. As shown in [3] , the interaction with an external gravitational or Newton potential Φ( x) can be introduced there by making a series of replacements: 1)
and then 3) h µ a → δ µ a . Here, the subsidiary condition is left unchanged. The replacements then give
As easily checked, for Ψ( x, t) ≡ ψ( x, t) or ψ 1 ( x, t), each being defined by (8) or (10) unprimed, (18) leads us to
We next go over to a non-inertial system S via the transformation (2) with R(t) = I and A(t) = 1 2 at 2 ( a: const. vector). That is, we make the replacements:
, and Φ( x), being a given external potential , has only to be rewritten in S as Φ( x ′ − 1 2 at ′2 ). Now, for definiteness let us consider the case of uniform gravitation:
The above result has an important physical meaning. That is, if we choose a noninertial system S such as a = g, then the gravitational effect will completely disappear there, being in accordance with Einstein's equivalence principle. The situation is basically the same for general cases of Φ( x) and also of Bargmann-Wigner fields.
Conclusions
a) Fully utilizing the generally covariant formalism we have derived the general expressions for inertial forces in a purely quantum-mechanical manner.
b) NRQM is compatible with the equivalence principle. c) In our formalism other related problems can also be discussed within the framework of NRQM, i.e., without recourse to any other theories like classical mechanics.
d) So far as the covariance under space-time transformations is concerned, no difference seems to exist formally between NRQM and RQM. We may therefore say that the former is a self-supporting, independent theory, which is comparable to the latter.
